Abstract. The expressions giving the variations in Young's modulus E and the modulus of rigidity G with direction in cubic single crystals are combined to form the relationship 2/E+ l/G=s44+2sll, which is independent of direction for a given crystal providing the effective or mean value of + = C Z2m2 (direction cosines) is the same for the two measurements. Experimental measurements for polycrystalline steel have shown that 2/E+ 1/G is equal to a constant which is also independent of direction, and this result has proved of value in distinguishing between the effects of composition variations which are likely to be obscured by varying degrees of anisotropy. Experimental measurements of Poisson's ratio have also been interpreted.
Introduction
The elastic constants cif and compliances si5 of single crystals form fourth-rank tensors. The total number of independent constants reduces from 36 to 21 as a result of energy considerations and is further reduced by crystal symmetry. The fundamentals of the subject are well established (Voigt 1928 , Wooster 1938 , Nye 1957 , Schmidt and Boas 1950 .
From a technological standpoint the relationships giving Young's modulus E and the modulus of rigidity G in terms of the fundamental constants are interesting and raise a number of problems. Within a single crystal E varies markedly with crystallographic direction. The elastic anisotropy of the single crystal is obscured in randomly oriented polycrystalline materials, but in wrought metallic materials varying degrees of preferred orientation may expose the inherent anisotropy. This consequence can be of considerable importance in connection with the measurement of the elastic properties of engineering materials. Practical determinations of E and G are usually made from bar specimens, and determinations on specimens cut from plates may show somewhat marked directional variation, especially in materials where the structure has not been transformed on cooling (e.g. steels containing over 12 % of chromium).
The present paper shows that the directional variation of E and G in a single crystal can be eliminated to give a simple expression which is independent of orientation, and this suggested that a similar expression might hold for polycrystalline materials. The constant in this case would not necessarily be equal to s44+2s11, as uniform stress is assumed in the derivation of the basic equations and, from, for example, the work of Hill (1952) and Markham (1961) , it is known that the observed elastic moduli lie between those predicted assuming uniform stress or uniform strain.
This relationship between E and G has two useful functions in connection with elasticity measurements. (i) Where orientation effects are expected or known to be present it can be used as a check on the consistency of the separate measurements. (ii) When the variations of elastic properties with composition in a series of alloys is required, the experimental results may show varying degrees of scatter due to anisotropy. The scatter is very much reduced by plotting the relationship between E and G.
The results presented are of practical importance and are further interpreted by the new relationship. An account is given of elastic anisotropy found in a steel plate and also of the effects of composition in steel bars.
Relationships between Young's modulus, torsion modulus, Poisson's ratio and direction in single crystals
The Young's modulus E in any direction in a cubic crystal is given by
(1) 1
where the stj terms are the elastic compliances and I, m, n the cosines of the angles between the direction to which E is referred and the crystal axes. Similarly, for the torsion of a cylindrical bar cut from a single crystal, the shear or torsion modulus G is given by:
By eliminating the direction cosine term a simple relationship follows :
This is constant for a given crystal and is independent of direction. The only condition for its validity is that the measurements shall have been made on the same bar with the same effective value of the direction cosine function. Although equation (3) is simple, it does not appear to have been reported previously. A similar simplification should be possible for hexagonal crystals, where the expressions for the reciprocals of E and G only contain one direction cosine, but a simple expression does not readily follow. In many cases Poisson's ratio U is derived from the measured Young's modulus and torsion modulus, and substituting from (1) and (2) into the derived expression
However, the direct derivation of Poisson's ratio from true elastic strains gives
( 5 )
This expression has been derived from first principles. By putting $11 -s 1~ -4~4 4 =O for the isotropic case, it can readily be shown that in this case q = UZ. Using the expressions given above and the fundamental constants for iron, it is possible to calculate the range of variation of the elastic properties with direction. The quantity 4 = (12m2 + m2n2 + $12) can have the following values :
(i) for a cube edge (loo), 4=0 and l/Eloo=sll,
(iv) for randomly oriented polycrystalline material, #I = i.
For alpha iron at room temperature the elastic compliances, in conventional c.g.s. units (cmz dyn-l), are (Lord and Beshers 1965) ~1 1 = 0 * 7 6 2~ 10-12 s12= -0.279 x 10-12 ~44=0*858 x 10-12 and substituting these values in (1) and (2) gives Thus the extreme limits of E are 2.825 x 1012 dyn cm-2 and 1,312 x 1012 dyn cm-2, while those of G are 0,597 x 1012 dyn cm-2 and 1.166 dyn cm-2, In a similar way, the variation of Poisson's ratio with direction can be deduced and figure 1 shows the variation of both the derived Poisson's ratio and the direct Poisson's ratio as 4
varies from zero to a maximum of 5.
3. Textures found in body-centred cubic metals including steels 3.1. General The textures of wrought and annealed metals have been reviewed and summarized by Underwood (1961) , Dillamore and Roberts (1965) . In the bar and wire form, bodycentred cubic metals generally develop a (1 10) texture. On rolling, the (1 10) direction is usually found to coincide closely with the rolling direction but the transverse direction is less well defined. The spread of orientations extends from (loo} in the rolling plane to (1 1 l}, and minor components based on a (112) direction may also be present. Many bodycentred cubic metals retain their texture on annealing.
The prominence of the (1 10) direction implies that most technical determinations of elastic moduli will correspond to an average of the property over a range of angles about this direction. X-ray diffraction patterns and pole figures do not show a very sharply defined orientation, but the influence of (1 10) is often present.
3.2. Elastic anisotropy in a 17 % chromium steel plate A dynamic resonance method has been used for the determination of the moduli. The equipment is similar to the design of Beaton (1968) which was later adapted for measurements of both Young's modulus and the torsion modulus. An account of this apparatus and some results have been reported elsewhere (Date 1969). Poisson's ratio was derived by calculation from the moduli and directly from measurements of resonant bar frequencies making use of the 'lateral inertia' effect.
Young's modulus, the torsion modulus and a direct Poisson's ratio were determined on specimens taken from different angles in the plane of a 1 in thick rolled plate of 17% chromium steel. This type of steel is body-centred cubic from solidification down to room temperature, and so any anisotropy produced on freezing or during rolling is not altered or reduced by transformation. The variations in Young's modulus and the torsion modulus in engineering units are shown in figure 2, while figure 3 gives the variations in both the derived and the directly measured Poisson ratio.
When the results in figure 2 are used to find individual values of 2/E+ 1/G, it is found that these vary from 3.20 to 3.24, about a mean of 3.22 x 10-4 in2 ton-1. The variation of The results in figure 3 are very interesting and measurements of derived Poisson's ratio have been used elsewhere as an indication of anisotropy. There is considerable anisotropy indicated here, but the direct measurement of Poisson's ratio shows very little variation with direction. The small variation present shows that, as the derived Poisson ratio increased appreciably, the direct Poisson ratio decreased slightly, and vice versa. This is in direct agreement with the calculated variations given in figure 1 .
A pole figure for the (200) x-ray diffraction intensity was kindly provided by Dr. W. T. Roberts of Birmingham University using an automatic pole-figure goniometer. The results reproduced in figure 4 show an orientation which is strongly influenced by the (110) direction in the rolling direction, but also shows definite evidence of the secondary texture :
The variation of 1/E with direction in the (100) plane, according to equation (l), can be (100) about [Oll] .
plane. Hence the moduli are apparently isotropic in this plane, and any variation in the moduli are due entirely to the other principal orientation component. The fact that the simple cos 40 variation, which would produce a 'four leaf clover' pattern in figure 2, is not exactly followed, is due to the deviation from the rolling plane of the 100 planes, mainly about the rolling direction as axis. Thus in figure 2(a) the maxima in the transverse direction are reduced while those in the rolling direction are unchanged. In figure 4 this is confirmed by the comparative weakness of the intensities near the circumference compared with those at the centre.
Effect of composition on the elasticity of polycrystalline cubic metals 4.1. Steels
The effects of four important alloying additions on the Young's modulus and the torsion modulus of ferritic steels have been measured and the results are given in figures 5 and 6. It was found that the values of the derived Poisson ratio, for two of the high-chromium steels and the high-molybdenum steel, showed that these steels were anisotropic, and the effect of this is to upset the trend of the modulus against composition line. Plotting the relationship 2/E+ 1/G against composition in figure 7 removed this variation due to anisotropy and allowed the composition effects to be more clearly defined. The above measurements were made on specially prepared steels containing, as far as possible, one alloying element only, and examination of commercial steels, where many elements are present in varying amounts, showed similar effects. Figure 8 shows 2/E+ l/G plotted against composition for some commercial chromium and nickel steels; above the 12 % level the chromium steels showed marked anisotropy. The 17 % chromium steel on this graph is the one referred to in $3.2 above, and it is interesting to note that the variation in moduli due to anisotropy is markedly larger than the variation due to chromium content. Thus the expression 2/E+l/G derived above can be used to study composition effects even when these are completely masked by efects due to anisotropy. 
Other cubic alloys Cu-Zn (face-centred cubic)
The relationships giving 1/E, 1/G and Poisson's ratio in terms of direction and the fundamental elastic constants should apply to other cubic metals and alloys, and the relationship 2/E + 1/G = constant should also be applicable. Very little information is available in the literature concerning the effects of alloying additions on both Young's modulus and the torsion modulus, but copper alloys have been extensively studied by Bradfield and Pursey (1953) . Their experimental measurements of Young's modulus E and the torsion modulus G have been used, and figure 9 is a plot of 2/E+ 1/G against zinc content for these alloys. Here again the scatter in the experimental measurements due to anisotropy has been reduced. The values of E and G for isotropic pure copper are given as 12.96 and 4.83 x 101' dyn cm-2, and this gives 2/E+ 1/G= 3.614 x 10-12 cm2 dyn-1, which is the intercept for zero zinc content.
Comparison of 2/E+ 1/G for single crystals and polycrystalline materials
From figures 7 or 8 and figure 9, values of 2/E+ 1/G for pure iron and pure copper can be deduced and then compared with the quantities s44+2s11 for pure iron and pure copper single crystals.
This comparison shows only approximate agreement. Experimental errors in the measured elastic stiffness coefficients lead to estimated limits of error of 4 % in s44 + 2~11, but there is still a significant difference which arises from the way in which the polycrystalline elasticity has been related to that of the single crystal.
The use of equations (1) and (2) implies the assumption of uniform stress, which is the Reuss (1929) approximation. Voigt's treatment (see, Voigt (1928) ) assumed uniform strain and involved the derivations from averaging the elastic stiffness constants czj. Hill (1952) , Hearmon (1961) and others have shown that moduli measured on polycrystalline specimens lie between these two limits. Taking single-crystal constants s given by Hearmon (1961) and Lord and Beshers (1965) As would be expected, the single-crystal value of s44+2sll is near the Reuss approximation, whilst the observed results for polycrystalline iron and copper fall between the two calculated limits. Attempts have bcen made to improve on the approximations of Voigt and Reuss by Hashin and Shtrikman (1962) and by Hershey (1954) . Developments in the theory would probably further improve the interpretation of polycrystalline elasticity in terms of single-crystal constants.
Conclusions
Using the relationships for Young's modulus and the torsion modulus in terms of the fundamental single-crystal elastic constants and the direction cosines, a simple expression has been derived which is independent of orientation. This suggested that a similar expression could hold for polycrystalline material, although the expression may not then relate so directly to the single-crystal constants. Measurements made on an anisotropic steel plate have shown that 2/E+ 1/G is indeed a constant and does not vary with direction, and this factor has then been used to eliminate the effects of anisotropy when composition effects are being investigated. This has proved particularly beneficial in a study of the effects of chromium content in steel and has also been applied to some copper-zinc alloys.
The difference between the variations in the derived Poisson ratio and a directly measured Poisson ratio for anisotropic steel has been similarly explained in terms of the singlecrystal elastic constants and the crystal orientation. This result emphasizes the need for care in the engineering use of stated values of Poisson's ratio, unless precise information is given on their derivation in relation to the condition of the material.
